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Abstract. Almost all problems targeted by evolutionary computation
are black-box or heavily complex, and their fitness landscapes usually
are unknown. Selection of the appropriate search algorithm and param-
eters is a crucial topic when the landscape of a given target problem
could be unknown in advance. Although several landscape features have
been proposed in this context, examining a variety of landscape features
is useful for problem understanding. In this paper, we propose a novel
feature vector for characterizing the fitness landscape using the local
landscape patterns (LLP). The proposed feature vector is composed by
the histogram of the fitness patterns of the local candidate solutions. We
extract the proposed LLP feature vector from well-known continuous
optimization benchmark functions and BBOB 2013 benchmark set to
investigate the properties of the proposed landscape feature and discuss
about its effectiveness.

Keywords: Fitness Landscape Analysis, Local Feature, Problem Un-
derstanding, Continuous Optimization Problem

1 Introduction

The main target problems of evolutionary computation are black-box or heav-
ily complex, and the landscape and characteristics of a target search space are
usually unknown. Therefore, the users of the evolutionary computation method
have to decide which algorithm is most suitable for their target problem by trial
and error or heuristic knowledge. If we are able to know the characteristics of the
landscape for the target problem in advance or during the search, it is helpful for
the selection of the appropriate algorithm or parameter setting. In this context,
the field of fitness landscape analysis [7, 19] have been developed, and several
features for characterizing the landscape are proposed such as ruggedness [24],
fitness distance correlation (FDC) [3], evolvability [1, 21], fitness cloud [17], neu-
trality [20], and dispersion metric [6].

FDC is a global feature which examines the correlation between fitness values
and the distance to the global optimum. Let xg be a global optimum, d(·, ·)
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be an appropriate distance function, di = d(xi, xg), and λ candidate solutions
X = {x1, · · · , xλ} are given, then FDC is defined as

FDC =
1
λ

∑λ
i=1(f(xi) − f̄)(di − d̄)

σFσD
, (1)

where f̄ and d̄ indicate the average values of fitness and distance, respectively,
and σF and σD denote the standard deviation of fitness and distance, respec-
tively. Note that the global optimum is usually unknown, although it can be
given in the original definition of FDC. Therefore the global optimum is usually
approximated by using finite candidate solutions such as xg = argminx∈X f(x)1.
FDC is one of the useful landscape features and applied various problems such
as combinatorial [10] and continuous [14] ones.

Dispersion metric [6] is defined by average pairwise distance between the q
best points.

DISP =
1

q(q − 1)

q∑
i=1

q∑
j=1,j 6=i

d(xrki , xrkj ), (2)

where xrki
denotes the i-th best point among λ samples. Dispersion metric is

mainly applied to analyze the continuous optimization problems [6, 13, 15]. In
order to compare the values between different search space scales, the candi-
date solutions are normalized to the [0, 1]n when the dispersion is computed in
practice [15], where n is the problem dimension.

Fitness cloud [17] is represented as a scatter plot of the fitness values of
parents against those of their offsprings (or neighbors), and negative slope coef-
ficient (nsc) [23] is a measure of the problem hardness which is extracted from
a plot of fitness cloud. Motif difficulty (MD) is introduced in [4] as a predictive
difficulty measure for evolutionary algorithms by extracting motif properties
from directed fitness landscape networks (FLNs). Concretely, the subgraphs of
FLNs are classified into three types of classes, neutral, guide and deceptive,
and then the predictive difficulty measure is calculated based on the number of
these motifs in FLN. Recently, Morgan and Gallagher [11] have proposed a land-
scape feature called length scale and applied it to the analysis of BBOB 2010
benchmark functions. Length scale is defined by dividing the difference of the
fitness of two candidate solutions by their distance. They conclude length scale
is one of the promising features for the continuous optimization problems. Mers-
mann et al. propose an approach called exploratory landscape analysis which
cheaply and automatically extracts problem properties from a concrete problem
instance [9], and they investigate the relationship between low-level features and
expert knowledge for the benchmark problems [8]. Smith-Miles and Tan [22] ex-
tract various features from traveling salesman problems (TSP) and investigate
the relationship between the performance of several search algorithms and the
problems. Muñoz et al. [13] present a neural network model for predicting the
performance measure of the search algorithm. The model is input the landscape
features and the algorithm parameters and outputs the predicted number of
function evaluations for solving a given problem.

1 This is the case of the minimization problem.
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We can combine several landscape features to investigate the characteristic
of a target problem. We, however, believe that it is an attractive approach to
directly extract the landscape feature as a vector form which represents various
characteristics of the problem. In this paper, we propose a novel feature vector for
characterizing the fitness landscape, which uses the fitness patterns of the local
candidate solutions. Then we extract the proposed feature from the well-known
benchmark functions and BBOB 2013 benchmark set for continuous optimization
problem to confirm its properties and effectiveness.

The next section of this paper presents our proposed feature, local landscape
patterns (LLP), for characterizing the fitness landscape. Then, in Section 3, we
extract the LLP feature vector from several continuous optimization problems
and discuss about the experimental results. Finally, in Section 4, we describe
our conclusions and future work.

2 Landscape Feature Using Local Landscape Patterns

Definition of Fitness Landscape In this paper, we refer to the definition
of the fitness landscape in [19]. Let S be a set of all candidate solutions (or
a search space), f : S → R be a fitness function, and d : S × S → R be a
distance function between the candidate solutions. Then the fitness landscape F
is defined as a pair of functions of f and d in the candidate solutions S , namely
F = (S , f, d). Let consider the continuous optimization without constraints,
then the candidate solutions are S = Rn where n is a dimension of the search
space, and the Euclidean distance is usually used as the distance function d. In
the context of evolutionary computation, it is impossible to get the analytical
form of f or check for the fitness values and distance of all candidate solutions.
We therefore consider to estimate the fitness landscape or its characteristics by
only using a given finite sample. Let X be a set of sampled candidate solu-
tions from S by the specific sampling method, then the approximated fitness
landscape can be represented as F̄ = (X, f, d).

Note that F̄ heavily depends on the sampling method of X and may be
quite different from F if the biased sampling is used. For example, the fitness
landscape is viewed as a unimodal function when all candidate solutions are
sampled from one basin area even if f is a multi-modal function. In other words,
F̄ represents the fitness landscape from the viewpoint of the finite samples. In
practice, we have to estimate the landscape using sampled candidate solutions
and exploit it for selection of algorithm or parameters. Morgan and Gallagher
discuss about the sampling issue in dispersion metric in [12].

Local Landscape Patterns Most conventional landscape features such as
FDC and dispersion metric are summarized as a scalar value. It may be difficult
to represent the exhaustive features of the fitness landscape, and the multiple
different landscape features are used to characterize it [8, 13, 22]. It is, therefore,
attractive to directly extract the landscape feature as a vector which represents
various characteristics of the problem. We consider to characterize the fitness
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Fig. 1: Conceptual image of the procedure for calculating the LLP feature. λ and
M indicate the size of candidate solution sample X and the neighborhood size,
respectively.

landscape in a form of a feature vector by using the finite samples. The rela-
tionship between the fitness values and the distance of the candidate solutions
is the most important characteristic, and the neighborhood structure is also an
important property for almost all evolutionary algorithms. From this observa-
tion, our proposed feature focusses on the fitness patterns of the local candidate
solutions.

Let X = {x1, · · · , xλ}, xi ∈ S be a set of the λ sampled candidate solutions,
and xi:j(1 ≤ j ≤ λ − 1) denotes the j-th nearest neighbor candidate solution
of the i-th candidate solution xi measured by the distance function d. Then the
local landscape pattern (LLP) l(xi) around xi is defined by using the fitness
values of the M(> 0) nearest candidate solutions from xi as

l(xi) =

M∑
j=1

δij2
j−1, (3)

δij =

{
1 (if f(xi) better than f(xi:j))

0 (otherwise).
(4)

where f(xi:j) means the fitness value of the j-th nearest neighbor candidate
solution of xi. The value of l(xi) is an integer within the range of [0, 2M ] and in-
dicates the pattern number of xi. The pattern number corresponds to the binary
number of the fitness pattern. Let L = {l(xi)|1 ≤ i ≤ λ} be a set of the local
landscape patterns. To summarize these local landscape patterns, we construct
the histogram of L. As we employ the histogram of L as a feature vector, the
value of l(xi) is irrelevant for the eventual feature vector. Consequently, the LLP
feature vector LLP(X) is given by the normalized histogram of L, and the k-th
element of LLP(X) is computed by Hk(L)/λ, where Hk(L) denotes the k-th
element of the histogram of L. The elements of LLP(X) are divided by λ to
normalize the scale of the bin values caused by the different sample size. Note
that the number of the bins in the histogram is 2M , namely the LLP feature is
not a scalar but a vector form for representing the landscape features.

The conceptual image of the calculation of the LLP feature is shown in Fig. 1.
In this figure, the size λ of candidate solution sample X and the neighborhood
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size M are set to 7 and 2, respectively. The two nearest neighbors of x1 are x2

and x4, namely x1:1 = x2, x1:2 = x4, and f(x1:1) = f(x2) > f(x1), f(x1:2) =
f(x4) > f(x1). Then the local landscape pattern of x1 is computed by l(x1) =
1 · 20 + 1 · 21 = 3, and it is added to the histogram bin of 3. Analogously, other
local landscape patterns l(x2) · · · l(x7) are calculated, then the histogram feature
can be obtained.

In order to extract the LLP feature vector from the given finite candidate
solutions, it is only necessary to define the fitness function f and the distance
function d among the candidate solutions. It means the LLP feature can be
extracted from various problem domains such as continuous or combinatorial
optimization problems. One of the advantages of the LLP feature is its invariant
property under monotonicity-preserving transformations of f because the LLP
feature only uses the magnitude relation of the fitness values. For example, the
LLP feature vectors on such as f(x) = xTx and f(x) = exp(xTx) are same
without any normalization of the fitness function values.

The concept of the proposed method which uses the histogram of the local
patterns has succeeded in the computer vision community, e.g. bag-of-features
using SIFT descriptors [2]. The LLP feature shares the common concept with the
image feature of the local binary patterns (LBP) [18] with respect to focus on the
local relationship between the fitness values. LBP can be, however, applicable
only for the two dimensional pixel spaces but the fitness landscape is always high
dimensional and it may not even be Euclidean space.

3 Experiments and Results

To investigate the properties and the effectiveness of the LLP feature, we apply
it to the fitness landscape of the continuous minimization problems defined as
argminx∈Rn f(x) and use the Euclidean distance as the distance function between
the candidate solutions. Namely, the search space S described in Section 2 is
S = Rn and the distance function d is the Euclidean distance in the experiments.

3.1 Basic Properties of LLP

First of all, we consider two dimensional problems whose landscape can be easily
visualized. We generate λ = 100 candidate solutions by drawing random num-
bers uniformly from [−3, 3]2 and then extract the LLP feature by the setting
of the neighborhood size M = 4. Figure 2 (a) and (b) show the visualized two
dimensional landscapes, the points of the candidate solutions, and the extracted
histogram of the LLP on the sphere and Rastrigin functions, respectively. From
these figures, we can see the shapes of the histogram are different between the
unimodal (sphere) and the multi-modal (Rastrigin) functions. The pattern 0 or
15 indicates all fitness values of the neighborhood solutions are worse or better
than that of the focused candidate solution. In Rastrigin function, the patterns
of 0 and 15 (which corresponds to the binary number 0000 and 1111, respec-
tively) have a large value because the points on the basin and ridge tend to
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Fig. 2: Visualized fitness landscapes and the sampled candidate solutions for
calculating the LLP feature (left), and the histogram of the LLP (right) on (a)
Sphere and (b) Rastrigin functions, respectively.

become the best and the worst point in the local region, respectively. On the
other hand, the patterns which have intermediate value such as 7 (which corre-
sponds to the binary number 0101) mean that there are both better and worse
neighborhood candidate solutions than the focused one. As a lot of the local
regions in the sphere function are the monotonous landscape (i.e. the fitness
value monotonically decreases or increases toward a certain direction), the pat-
ters which have intermediate value are increased. The shape of the histogram of
the sphere function becomes like in Fig. 2 (a) in the end.

Next, we extract the LLP feature vectors from well-known six continuous
benchmark functions, Sphere, Ellipsoid, Rosenbrock, Ackley, Schaffer, and Ras-
trigin functions. In this experiment, the problem dimension of each function n
is 20, and the 100 different sets of the candidate solutions are generated for cal-
culating the proposed feature. The candidate solution set is sampled by drawing
random numbers uniformly from [−3, 3]n for all benchmark functions. And the
neighborhood size of M = 4 is employed in this experiment. Since our proposed
feature is a form of vector, principal component analysis (PCA) is applied to
reduce the dimension from 2M = 16 to 2 which is easy to be visualized.

Figure 3 illustrates the two dimensional plots using first and second principal
components with the varying sample size λ = 100, 500, 1000, 2000. When the
sample size is 100, it is difficult to discriminate each function. We can, however,
observe each function is clustered when the sample size becomes larger. Both the
sphere and ellipsoid functions are unimodal but the ellipsoid is ill-conditioning
function. Therefore, we can regard that the difference between these functions
is the range of the landscape because the LLP feature uses only the rank of
fitness values, and the size of locally monotonous (or basin) regions becomes
different if the same sampling region is used. This is the reason why the sphere
and ellipsoid functions become different plots. From this result, we can conclude
the LLP feature vector has a potential to discriminate the fitness landscape.

A large number of the candidate solutions cause the increase of computa-
tional cost. The LLP feature uses the distance between the candidate solutions,
and their computational order is O(λ2). Of course, it requires the fitness eval-
uations for λ candidate solutions. Obviously, there is a tradeoff between the
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Fig. 3: Two dimensional plots using first and second principal components of
the LLP feature vectors extracted from the 20 dimensional benchmark functions
with the varying sample size λ = 100, 500, 1000, 2000. The 100 different sets of
candidate solutions with the same size are generated for each function.

computational costs and the knowledge gain. We can observe that it seems to be
sufficient to discriminate the landscapes by the 2000 samples in this case. Note
that it may have additional information in the hidden dimension because Fig. 3
shows the reduced two dimensional feature by PCA.

3.2 Comparison with Conventional Landscape Features

To confirm the effectiveness of the LLP feature, we compare it with the con-
ventional landscape features, fitness distance correlation (FDC) [3] and disper-
sion metric [6]. The parameter of dispersion metric is set to q = b0.1λc. The
sampling method of the candidate solution sample X is same as the previous
experiment. Figure 4 illustrates the plots of FDC and dispersion metric ex-
tracted from the 20 dimensional benchmark functions with the varying sample
size λ = 100, 500, 1000, 2000. The tendency of the plots is similar to that of the
LLP feature. When the sample size is small, the boundary of each function is
not clear. The ellipsoid and Rastrigin functions are clustered far away from the
other functions. Further the relative position of each plotted function in the two
dimensional space is very similar between Fig. 3 and 4. From this result, at least
the LLP feature vector has the same ability of characterizing and discriminating
the fitness landscape as that of FDC and dispersion metric.

We then conduct the experiment of clustering to quantitatively evaluate the
quality of each feature. We use k-means as the clustering method and 2M di-
mensional feature vector is used in the proposed LLP feature. The number of
the clusters is set to 6 which is the same number of the benchmark functions.
To evaluate the clustering quality, we compute purity and adjusted rand index
(ARI) [16] as the performance measure by referring to an ideal clustering result.
Purity focuses on the frequency of the most common category in each cluster,
and ARI is based on the similarity between two data clustering results. The
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Fig. 4: Two dimensional plots using FDC and dispersion metric extracted
from the 20 dimensional functions with the varying sample size λ =
100, 500, 1000, 2000. The 100 different sets of candidate solutions with the same
size are generated for each function.

range of both measures is [0, 1] and the higher value of them indicates the better
clustering performance. Table 1 shows the purity and ARI using the LLP and
conventional features with the varying problem dimension of n = 10, 20, 30, the
sample size of λ = 500, 1000, 2000, and the neighborhood size of M = 3, 4, 5, 6.
In all settings, the LLP feature outperforms the conventional features, FDC and
dispersion metric, in terms of purity and ARI. From this table, we can see the
most stable and best setting is M = 4 and λ = 2000. The performance basically
improves as the sample size becomes larger. This result is intuitive understand-
able because a large number of samples are useful to grasp the detailed land-
scape structure. Consequently, we can consider the LLP feature vector is one of
the promising landscape features for discriminating the continuous optimization
problems.

3.3 Fitness Landscape Analysis of BBOB 2013 Functions

Finally, we apply our LLP feature to analyze one of the major benchmark func-
tion sets, BBOB 20132, which contains the 24 noiseless benchmark functions. In
this experiment, the problem dimension of each function is 20 and the candidate
solutions are sampled by drawing random numbers uniformly from [−5, 5]n. The
range of the search space is based on the definition of BBOB 2013 benchmark
functions. The neighborhood size M = 4 and the sample size λ = 2000 are used
for extracting the LLP features.

Table 2 shows the clustering result by using k-means clustering, which the
number of the clusters is set to 6. The cluster 1 and 2 contain the unimodal func-
tions except Schwefel function (f20). The reason why the multi-modal Schwefel
function is assigned to the cluster 1 is that its landscape is macroscopically sim-
ilar to the sphere function with the exception of near the optimum. The cluster

2 http://coco.gforge.inria.fr/doku.php?id=bbob-2013
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Table 1: Comparison of purity and ARI for the clustering results. Each feature
is extracted from the 10, 20, and 30 dimensional benchmark functions with
the varying sample size λ = 500, 1000, 2000. The neighborhood size varies as
M = 3, 4, 5, 6 for the LLP feature, and the 100 different sets of the candidate
solutions with the same setting are generated for each function. The bold value
indicates best performance among the varying parameters.

LLP (M=3) LLP (M=4) LLP (M=5) LLP (M=6) FDC & DISP

λ 500 1000 2000 500 1000 2000 500 1000 2000 500 1000 2000 500 1000 2000

Problem dimension = 10

Purity 0.74 0.75 0.84 0.75 0.76 0.87 0.77 0.76 0.84 0.75 0.78 0.88 0.60 0.65 0.68
ARI 0.59 0.64 0.74 0.61 0.64 0.77 0.62 0.64 0.72 0.58 0.66 0.77 0.39 0.43 0.45

Problem dimension = 20

Purity 0.70 0.81 0.86 0.67 0.82 0.88 0.70 0.82 0.88 0.71 0.80 0.88 0.65 0.72 0.75
ARI 0.50 0.66 0.75 0.46 0.70 0.79 0.51 0.68 0.79 0.52 0.66 0.79 0.46 0.53 0.61

Problem dimension = 30

Purity 0.74 0.80 0.91 0.76 0.83 0.93 0.72 0.83 0.92 0.73 0.83 0.91 0.67 0.72 0.74
ARI 0.54 0.66 0.82 0.58 0.70 0.85 0.53 0.69 0.84 0.53 0.68 0.83 0.45 0.55 0.59

3 consists of the multi-modal functions such as Rastrigin and Schaffers variants
and highly conditioned functions (f6, f7, and f12), and the cluster 5 is composed
by the multi-modal functions and Rosenbrock family. These two clusters contain
both the unimodal and multi-modal functions. All the functions in the cluster 4
and 6 are highly rugged multi-modal function. Original Rosenbrock (f8) and its
rotated version (f9) are assigned different clusters because the sampling region
is not rotated along with the rotation of the fitness function and then the local
landscales of the samples become different. This clustering result is similar with
the qualitative grouping by the human observation.

Table 3 shows the expected running time (ERT) of BIPOP-aCMA [5] for
reaching precision ∆f = 10−7 in the BBOB 2013 result3 for 20 dimension in
BBOB 2013. BIPOP-aCMA has only succeeded to reach the target precision
at least once all benchmark functions. From Table 2 and 3, the functions in
the cluster 2 are relatively easy to solve for BIPOP-aCMA because the ERT of
these functions is less than 2.0 × 104. However, other clusters are not so easily
understandable with respect to the ERT.

At the end of this section, we investigate whether our proposed LLP feature
has the ability to predict the ERT in the manner of the supervised learning.
We construct a linear regression model and predict the values which are taken
the common logarithm of the ERT (log10 ERT). Each feature is calculated using
the 2000 candidate solutions, and the neighborhood size of the LLP is 4. The
LLP feature is reduced to two dimensions by PCA. To evaluate the generalized
error, we adopt leave-one-out cross-validation. The generalization error of the

3 http://coco.gforge.inria.fr/doku.php?id=bbob-2013-results
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Table 2: Clustering result for the BBOB 2013 benchmark functions by k-means
clustering using the LLP feature. Each feature is extracted from the 20 dimen-
sional benchmark functions with the sample size λ = 2000. The neighborhood
size M is set to 4.

Cluster 1 Cluster 2 Cluster 3
Sphere (f1) Ellipsoid (f2) Rastrigin (f3)
Original Rosenbrock (f8) Linear Slope (f5) Attractive Sector (f6)
Sharp Ridge (f13) Rotated ellipsoid (f10) Step Ellipsoid (f7)
Different Powers (f14) Discus (f11) Bent Cigar (f12)
Schwefel (f20) Non-separable Rastrigin (f15)

Schaffers F7 (f17)
Ill-conditioned Schaffers (f18)

Cluster 4 Cluster 5 Cluster 6
Büche-Rastrigin (f4) Rotated Rosenbrock (f9) Weierstrass (f16)
Gallagher’s Gaussian Composite Katsuura (f23)
101-me Peaks (f21) Griewank-Rosenbrock (f19)
Gallagher’s Gaussian Lunacek bi-Rastrigin (f24)
21-hi Peaks (f22)

Table 3: Expected running time (ERT) of BIPOP-aCMA [5] for reaching the
precision ∆f = 10−7 in the BBOB 2013 result. The problem dimension is 20.

f1 f2 f3 f4 f5 f6 f7 f8 f9 f10 f11 f12
ERT 6.9e2 1.1e3 4.1e3 1.5e4 4.1 9.3e3 2.5e4 4.9e3 1.7e4 1.3e4 7.7e3 2.1e4

f13 f14 f15 f16 f17 f18 f19 f20 f21 f22 f23 f24
ERT 3.3e4 1.1e4 3.5e5 2.6e5 8.9e4 2.0e5 6.3e6 5.3e6 7.6e5 6.5e6 1.3e6 1.4e8

root mean squared error (RMSE) of the LLP feature is 0.961, while that of the
conventional landscape features (FDC and dispersion metric) is 1.13. Although
the LLP feature outperforms the conventional feature, it is not so large im-
provement. We, therefore, conclude at least the LLP feature has the comparable
ability for predicting the problem difficulty to the conventional features.

4 Conclusion and Future Work

In this paper, we propose a novel landscape feature vector, LLP, which focusses
on the local fitness patterns. The proposed method constructs the histogram
of the local landscape patterns and extracts the feature as a vector form. The
advantage of the LLP feature is that it is possible to extract landscape features
by unified procedure, i.e. it has sufficient characterizing performance of the fit-
ness landscape without combining the multiple landscape features. We extract
the proposed LLP feature vector from the well-known benchmark functions, and
show the effectiveness of it through the comparison with existing landscape fea-
tures. Then we extract the LLP feature vector from the BBOB 2013 benchmark
functions and present the results of the clustering and the prediction of ERT.
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The clustering results are understandable from the viewpoint of the qualitative
properties of each function, and predicting the performance of the ERT outper-
forms the conventional landscape features.

In this paper, we compared the proposed LLP feature with FDC and dis-
persion metric. The comparison with other landscape features such as length
scale [11], evolvability [1, 21], and fitness cloud [17] should be conducted to ver-
ify the effectiveness of the LLP feature. Further, overall the results depend on the
data analysis and the sampling methods used. It may be interesting to investigate
the compatibility between the LLP feature and the data analysis techniques. We
should attempt to use more sample size because the sample sizes λ used up to
2000 in the experiments might be insufficient for the 20 dimensional problems.
As we noted in Section 2, the sampling method and the sample size have a big
impact to the landscape features. One possible work is to generate the concate-
nated LLP feature using different sample sizes or sampling methods to extract
the landscape characteristics from various viewpoints.

In the future, we plan to apply the proposed LLP feature to another type of
problems such as combinatorial problems and real-world problems, and investi-
gate the properties and effectiveness of it. We are able to use and investigate the
several standard statistics as a local feature such as the number of the improving
solutions and the probability to improve instead of the fitness patterns of the
local candidate solutions. Furthermore, we will develop an efficient algorithm
which switches the strategy parameters based on the LLP feature.
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